The Dream of Rational Functions
Calculus 11/12, Veritas Prep.
Andrew M.H. Alexander1
In the beginning were the natural numbers:
0, 1, 2, 3, · · ·
But with only the natural numbers, mathematicians could not subtract, and so they created the integers:
· · · , −2, −1, 0, +1, +2, · · ·
But with only the integers, mathematicians could not divide. And so mathematicians created the rational
numbers. They did this by taking every possible ratio of the integers: they said that any number that can
be written in the form of one integer divided by another integer is a rational number.
More formally, each rational number can be written as pq , where p and q are both integers. What is
cool is that each time we expand our number system—when we go from the naturals to the integers to the
rationals, and so forth—we get more and more structure and richness and beauty. If we can only use the
natural numbers, then we can count, which is pretty cool2 , but as far as operations go, we’re restricted to
only adding and multiplying. (For example, what’s 5 − 12? It’s not a natural number.) If we add negatives
then all of a sudden, we can subtract. And if we go further, and start using the rationals, we can divide.
(5/12 isn’t an integer—it’s a rational.) We can keep going, too, and create the real numbers, and the
complex numbers, then the quaternions, and the Hamiltonians3 , etc., etc., and get all these amazing and
beautiful structures of numbers and their relationships to each other.
The analogy holds for polynomials. In the beginning, we learn about lines, which are just first-degree
polynomials. Then we generalize to polynomials of second degree (quadratics), of third degree (cubics), and
eventually, of degree n. They are pretty cool objects, and as we’ve seen, we can do a lot with polynomials.
But what if we generalized some more? What if we considered a function that is not a polynomial per se,
but rather a ratio of two polynomials?
We already know one example. Think about f (x) = x1 . Obviously, x is a polynomial, if not a very
interesting one. And so is 1 (we can think of it as 1x0 ). And, as you know, the graph of 1/x has some
pretty weird properties:

Namely, it has this vertical asymptote at x = 0 and this horizontal asymptote at y = 0. Those are
weird! Polynomials don’t have those! It’s co-mingling the finite with the infinite! And such is the case
for rational functions in general: we can still have the same shapes as polynomials (we still have the same
behavior with maxima and minima and roots, etc.), but we can have so much more.
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Here are some beautiful pictures of rational functions, just to give you an idea of how cool they can
look:

Look at these! Just look at them! Here are some things to notice: the maxima and minima! the roots!
the vertical asymptotes! the end behavior! Sometimes there are horizontal asymptotes, and sometimes
not! Sometimes the function goes up or down on both sides of a vertical asymptote; sometimes it goes in
opposite directions! See how weird these can look!
I guess I should formally define a rational function before we go much further. A rational function
is a function f (x) that can be written in the form
f (x) =

p(x)
q(x)

where both p(x) and q(x) are polynomials.
One of the neat things about moving from natural numbers to integers to rationals, etc., is that each
new number system doesn’t replace the previous number system. It simply expands it. Every natural
number is also an integer (as well as a rational number and a real number and a complex number, etc.);
every integer is also a rational number, etc., and so forth. This analogy holds for our more abstract concept
of a function: every polynomial is also a rational function. Why?
In these notes, I’ll discuss each of the main features of rational functions in turn:
1.
2.
3.
4.
5.

end behavior,
roots (and their multiplicities),
vertical asymptotes (and their multiplicities),
holes,
and the y-intercept.

Then I’ll give some examples of how to sketch rational functions using these properties, and an example of
how to come up with an equation for a graph of a rational function. Then I’ll discuss an entirely different
(but equally-valid) way of graphing rational functions.
A word of warning first: there’s a lot of information here! But don’t be overwhelmed! Graphing
rational functions is really quite simple and quite beautiful. If anything, I think I may have made it seem
excessively complicated in the notes. If you ever feel overwhelmed, just turn to the back page, rip off Hunter
Hahn’s emergency reference sheet (giving you quick reminders of how to find all the basic properties of
rational functions), and use it!
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End Behavior
• We know what polynomials look like on the far left side and the far right side of the graph—they
look like whatever their leading term looks like. For example, f (x) = x3 − 3x2 + 5x − 12 looks more
and more like x3 , the more and more you zoom out (or follow the polynomial to the left or right of
the origin). Another way of saying this, I guess, would be that f (x) = x3 − 3x2 + 5x has an end
asymptote at y = x3 . (It’s an asymptote that isn’t a straight line, but it’s still the same idea.)
With rational functions, by contrast, we have two polynomials (one in the numerator, and one in the
denominator), and so we need to consider the ratio of their leading terms. Whatever that ratio is,
when simplified, will be the “end asymptote” of our rational function. This “end asymptote” (for
lack of a better phrase) might be horizontal (e.g., the line y = 0) or it might not be horizontal (e.g.,
the parabola y = x2 , or the line y = 4x). Put most generally: a rational function will have an
leading term on top
end asymptote at y = thetheleading
term on bottom .
5x3 + 3x2 − 6x + 4
. The leading term of the
6x3 − 8x2 − 7x + 5
top is 5x3 , and the leading term of the bottom is 6x3 . So this function has an “end asymptote”
5
5x3
= . Which is just a horizontal asymptote at the line y = 5/6. So even though this
at y =
6x3
6
rational function might be jumping around and spiking and doing weird things near the origin, the
further and further we get from the origin, the more and more this function will start to look like
the horizontal line y = 5/6. In fact, we can state this as a general law: whenever the numerator
and denominator have the same degree, the rational function will have a horizontal asymptote at
leading coefficient on top
y = thetheleading
coefficient on bottom .

• For example, consider the rational function f (x) =

x2 + 2
? The
x3 + 4x2 − 8x + 9
leading term of the top is x2 , and the leading term of the bottom is x3 . So this will have a horizontal
1
x2
asymptote at y = 3 = . The further and further we get from the origin, the more and more f (x)
x
x
will look like y = 1/x. But we also know that the further and further we get from the origin, the
more and more y = 1/x looks like the horizontal line y = 0. So then f (x), the further and further
we get from the origin, will look more and more like the horizontal line y = 0.

• Here’s another example. What if we have the rational function f (x) =

x2 + 2
has a horizontal asymptote at y = 1/x, but y = 1/x has a
x3 + 4x2 − 8x + 9
x2 + 2
horizontal asymptote at y = 0, so y = 3
has a horizontal asymptote at y = 0. (It’s
x + 4x2 − 8x + 9
transitive.)

Put differently: y =

We can state this as a more general law: whenever the degree of the numerator is less than the degree
of the denominator, the rational function will have a horizontal asymptote at y = 0.
5x3 + 3x2 − 7x + 90
. In this case, the ratio of the
x−7
3
leading coefficients is 5xx = 5x2 . So the rational function will have a parabolic asymptote at y = 5x2 ,
so both the left and right sides will spike up to infinity (like the parabola 5x2 !). Here’s what it looks
like (way, way zoomed out, and note the single vertical asymptote at x = 7):

• Let’s do one more example: consider f (x) =

3

See the parabolic asymptote? More generally: whenever the degree of the numerator is greater than
that of the denominator, the rational function will have a linear4 /parabolic/cubic asymptote, the
choice of which depending on the precise difference in degree.
• Here are some more pictures of end asymptotes:
This function has a cubic end
asymptote

This function has a linear end
asymptote

This function has a horizontal
end asymptote at y = 0

4

This function has a horizontal
end asymptote (not at y = 0)

Meaning that it will be slanted like a straight line with nonzero slope, “linear” just being the adjectival form of “’line.”
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x-intercepts/roots/solutions/zeroes
• We know how to find the roots of a polynomial—we just factor it, and then deal with the individual
factors. But what about a rational function?!? We have factors on the top and on the bottom!
Factors everywhere! What a mess!
Well, luckily, it turns out that we only need to consider the factors on the top in our search for roots.
Put differently: the roots of the top will be the roots of the entire rational function. Here’s
why:
Consider the rational function f (x) = p(x)
q(x) , where p(x) and q(x) are both polynomials. We want to
find the x-intercepts, and we know that to do that, we’ll need to set the entire function equal to zero.
So we have
p(x)
0=
q(x)
To solve this, we can just multiply both sides by q(x):
q(x) · 0 =

p(x)
· q(x)
q(x)

But then the left side will still be zero, and the q(x)’s will cancel out on the right side! So we’re left
with just
0 = p(x)
So all we need to do is find where the top polynomial is zero. Which we already know how to do—we
just factor it and look at the individual factors.
• Let’s do an example. What if we have f (x) =

(x + 3)(x − 2)
? If we set this equal to zero and
x(x + 6)

simplify:
f (x) =
0=

(x + 3)(x − 2)
x(x + 6)

(x + 3)(x − 2)
x(x + 6)

0 = (x + 3)(x − 2)
x = −3, +2
So we have two x-intercepts at −3 and +2. Note that these intercepts both have multiplicity 1, and
so f (x) will pass through the x-axis at these points.
• Note that basically everything we already know about the multiplicity of roots still applies.
The one difference is that rational functions, thanks to their asymptotes, tend to be pretty bendy,
and so it’s hard to distinguish between roots of multiplicity 1 and roots of odd–but–greater–than–1
multiplicity. So basically we’re just left with classifying roots as either even or odd.

Vertical Asymptotes
• We’ve discussed one of the major cool things about rational functions—that they can have horizontal
asymptotes. (They don’t have to go up to +∞ or down to −∞, like polynomials do!) The second
cool feature of rational functions is their vertical asymptotes.
Let’s start discussing this by considering the simplest rational function we know: 1/x. What happens
to this function as x gets close to 0?
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x
2
1
0.5
0.1
0.01
0.001
0.0001
0.000001

1/x
0.5
1
2
10
100
1000
10000
1000000

As we plug smaller and smaller numbers in for x, 1/x becomes bigger and bigger and bigger. Put
differently: as we plug into x numbers that are closer and closer to 0, 1/x explodes! We get a vertical
asymptote. Vertical asymptotes are the physical manifestation of a divide-by-zero problem!
Rational functions will have vertical asymptotes wherever the denominator is zero. Put
p(x)
more formally, if we have a rational function f (x) =
, then f (x) will have vertical asymptotes
q(x)
wherever q(x) = 0 (with one slight exception I’ll discuss later).
This isn’t a proof, of course—but later in the year, we’ll have a more formal definition of an “asymptote,” and we’ll be able to prove this.
• For example, imagine we have the function
f (x) =

(x + 2)(x − 4)(x + 7)
(x − 1)(x − 3)(x + 5)

This function has vertical asymptotes at x = 1, x = 3, and x = −5. It looks like this:

(Don’t worry yet about how we drew the rest of the graph—just observe its beautiful vertical asymptotes.)
• NB: When we draw graphs, it can be nice to denote asymptotes (vertical or horizontal) with a dotted
line. It makes things a bit clearer.
• Oh, and by the way: can a vertical asymptote have a multiplicity? does that affect what it looks
like? Yes! Consider the difference between 1/x and 1/x2 :
With 1/x, the vertical asymptote has a multiplicity of 1 (because the x in the denominator only
shows up once); with 1/x2 , the vertical asymptote has a multiplicity of 2. And the visual difference
this begets is that:
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1/x2

1/x

– with a vertical asymptote of odd multiplicity, the function goes up on one side of the asymptote
and down on the other
– with a vertical asymptote of even multiplicity, the function either goes up on both sides of
the asymptote, or goes down on both sides
Why this is true isn’t immediately apparent yet—but later in these notes, I’ll discuss a different
method of rational function sketching that will explain this.
• So, for example, what if we take a somewhat modified version of the last function we used as an
example:
(x + 2)(x − 4)(x + 7)
f (x) =
(x − 1)2 (x − 3)2 (x + 5)2
Here, I’ve changed all of its asymptotes so that they are now of multiplicity 2. This should change
the graph so that the function always approaches the asymptote in the same direction from either
side. And indeed, it does:

Again, don’t worry about how we graphed the rest of the function—just notice that the asymptotes
are now all going in the same direction. The other thing to notice with this graph is that there was
some collateral damage from changing the multiplicities—e.g., that parabolicky guy on the right side
now opens down, not up, and the horizontal asymptote is now at y = 0, not y = 1.

Holes
• There is one slight exception to our “vertical asymptotes are given by the zeroes of the denominator;
horizontal asymptotes are given by the zeroes of the numerator” rule. That is: what if we have a
number that is both a zero of the numerator and the denominator?
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x2 + 5x + 6
. If we factor it, we get f (x) = (x+2)(x+3)
.
(x+2)
x+2
But we have an (x + 2) on both the top and bottom, so these essentially cancel out and give us
f (x) = x + 3. Except... well, they don’t really cancel out, because (in unfactored form) we still have
x2 + 5x + 6
f (x) =
. What happens is this: at every point other than x = −2, the numerator and
x+2
the denominator will cancel out, and my function will look exactly like f (x) = x + 3. And at x = −2,
we’ll have f (x) = 0/0, which is basically like a divide-by-zero problem, except we’ve got zero on the
top, too, so instead of getting a vertical asymptote, the function simply won’t exist at that point. It
will be undefined. It will look exactly like f (x) = x + 3, but with that one point (−2, 1) missing. It’s
a ghost point!

• For example, consider the function f (x) =

Usually we denote a hole with a little circle in the graph:

• Holes are weird and kind of esoteric and they don’t usually come up too often—mostly they just
show up in problems math teachers write to deliberately include holes—but you should know of
their existence, just in case (and because the other time holes come up is with limits—you can make
functions with holes that are pedagogically excellent for teaching limits).

y-intercept
• As with every other function, we can find the y-intercept just by plugging in 0 for x. This is pretty
straightforward. I don’t even want to do an example. Look on your polynomial notes if you want
an example. (Of course, sometimes we might have a vertical asymptote at x = 0 (i.e., at the origin),
and thus not have a y-intercept.)
So now we can figure out quite a bit about a given rational function. Sadly, even with all of this information,
we still don’t have quite enough information to fully graph one. We’ll need to know a couple more things.
But we know enough to start graphing them, so let’s dive in with an example.

One example
5
Now, obviously, we could think of this as just being 1/x with
x+2
some transformations (namely, moved left two and expanded vertically by 500%). But let’s treat it
as a rational function. (We’ll still get the same graph.)

• Consider the function f (x) =

– Roots: We know it will have roots/zeroes/etc. wherever the top polynomial equals zero. That
never happens. So this function has no x-intercepts.
– Vertical Asymptotes: We know that vertical asymptotes will happen whenever the bottom
polynomial equals zero. That happens at x = −2, so that’s our vertical asymptote. It has a
multiplicity of 1.
– Holes: These will happen whenever the top and bottom polynomials have a root at the same
place (of the same multiplicity). But that doesn’t happen here, so there are no holes.
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– End behavior: We need to look at the ratio of the leading terms. The leading term of the
top is 5, and the leading term of the bottom is x, so this function has an end asymptote at
y = (5)/(x), which looks basically like 1/x, which has a horizontal asymptote at y = 0. So this
function has a horizontal asymptote at y = 0.
– y-intercept: Like with polynomials (or any other function), this is equivalent to plugging in 0
5
for x. Which gives us y = 0+2
= 2.5 as the y-intercept.
• So now we can start to draw it! We’ll start by drawing the asymptotes (with dotted lines), and
marking the location of the y-intercept. (If we had x-intercepts, we’d mark those, too.)

(Note that I’ve drawn the horizontal asymptote just a little bit under y = 0—I want to make it
visible and not get in the way of the x-axis.)
So from here, we can try to connect the dots, more-or-less. On the right-hand part, our function will
have to look like this (thanks to the y-intercept):

But what about the left part? We have two options. The function could either be above the x-axis,
or below it:
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(Obviously, we know which one it should be, based on our knowledge of 1/x and its transformations,
but indulge me here. We could very easily have a more-complicated rational function for which we
don’t know where to draw the graph. Actually, that’s coming up in the next example.)
So how do we figure this out? There are a few ways to do it.
– One way: test the parity. Consider this: we have two possible graphs. On one of the graphs,
the function is positive (above the x-axis) on the left side; on the other, it’s negative on the left
side (below the x-axis). Put differently, on one graph, f (x) is positive when x < −2; on the
other, f (x) is negative when x < −2. So we just need to ask: when x is less than −2, is f (x)
positive or negative? We can do this quite easily algebraically, just by considering the individual
factors. To wit:
∗ If x < −2, then 5 is, um, still positive. (Obviously. Five is always positive. Ain’t no x
that’ll make it negative!)
∗ If x < −2, then x + 2 is negative..
(+)
So we have a positive over a negative. Put differently, when x < −2, then f (x) = (−)
, or just
f (x) = (−). So when x < −2, then f (x) < 0. Which is just a fancy way of saying that on the
left side, the function has to be negative. So our graph must be this one:

– Another way is to just plug in some number less than 2 and see if the function is positive or
negative. But the algebraic way is prettier.
– An even easier way to have figured this out would have been to consider the multiplicity of
the vertical asymptote. The vertical asymptote at x = 2 has a multiplicity of 1, which means
that the function needs to go up on one side, and down on the other side. We already know
that the function goes up on the right side. Therefore, it must go down on the left side.
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Another example
• Imagine we have f (x) =

x2

x−5
(x − 5)
=
. What do we know about this?
+ 5x + 4
(x + 4)(x + 1)

– End behavior: We need to look at the ratio of the leading terms. The leading term of the
top is x, and the leading term of the bottom is x2 , so this function has an end asymptote at
y = (x)/(x2 ) = 1/X, which means it will have a horizontal asymptote at y = 0.
– Roots: We know it will have roots/x-intercepts/etc. wherever the top polynomial equals zero.
That happens only at x = 5. This root has multiplicity 1.
– Vertical Asymptotes: We know that vertical asymptotes will happen whenever the bottom
polynomial equals zero. That happens at x = −4 and x = −1. So those are our vertical
asymptotes. They both have a multiplicity of 1.
– Holes: These will happen whenever the top and bottom polynomials have a root at the same
place (of the same multiplicity). But that doesn’t happen here, so there are no holes.
– y-intercept: Like with polynomials (or any other function), this is equivalent to plugging in 0
(−5)
for x. Which gives us y = (4)(1)
= −1.2 as the y-intercept.
So far, so good! Let’s sketch what we have so far. I’ll represent the intercepts with dots, and represent
the asymptotes with dotted lines:

We can connect dots on the far right side. Note how, because of the intercepts, it’ll have to start on
bottom, go up through (0, −1.2) and (5, 0), but then go back down again to approach the horizontal
asymptote at y = 0. It can’t start on the top, because then how would it have a negative y-intercept?
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But what do we do in the middle? It can’t go through the x-axis, because then there would be an
x-intercept, but there isn’t one there. So it has to either always be above the axis, or below it. We
have two options:

The difference between the two possible graphs is that in one of them, the function is always positive
between −1 and −4 (i.e., above the x-axis); in the other, the function is always negative (i.e., below
the x-axis). So which is it? Is the function f (x) positive between x = −4 and x = −1, or negative?
We can figure out whether it’s positive or negative in that interval using algebra! In fact, since it’s
factored, we can do this simply by finding out whether each factor is positive or negative, and then
multiplying. For example, if the top factor is negative, and the bottom factors are both positive,
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we’ll have

(a negative)
(a positive)(a positive) ,

which = (a negative). It’s totally algebraic!

So let’s investigate. Let’s see which factors are positive between −1 and −4, and which are negative.
– Let’s do the top factor (x − 5) first. If we have a number between −1 and −4 (a negative
number), and we subtract 5 from it, then we certainly still have a negative number. So this
factor must be negative there.
That’s a kind of informal way of thinking about it. Put more algebraically: if we have
−4 < x < −1
then we must have
−4 − 5 < x − 5 < −1 − 5
−9 < (x − 5) < −1
So then between −1 and −4, the top factor (x − 5), must be between −9 and −1, which means
that that factor is negative.
– Likewise, if we have (x + 4), and we plug in a number between −1 and −4, then we will get a
number between +3 and 0. So this factor is positive in this interval.
– Finally, for the (x + 1) factor, plugging in a number between −1 and −4 gives us a negative
number.
We can summarize our findings5 :
when −4 < x < −1...
Factor (x − 5) (x + 4) (x + 1)
Parity
−
+
−
(−)
So then, when x is between −4 and −1, we have f (x) = (+)(−)
= (+). So the function must be
positive between −4 and −1, which means the graph we want is this one:

Another way to have figured this out (an easier way) would have been to have just considered the
multiplicity of the vertical asymptote. It had multiplicity 1, so the function should go up on one side
5

Note that “parity” is just a fancy name for “positive-or-negative-ness”.
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and down on the other side. We already knew that it went down on the right side of the asymptote,
so we could have concluded that it went up on the left side (and thus, that the graph was the positive
one). The reason I’m spending all this time with the algebra is because sometimes you have to use
that method to figure out the shape of the graph, and it’s kind of complicated, so I’m trying to use
the repetition to make it clear.
What about far left? Again, we have two choices. The function could approach the asymptote from
below, or from above.

We know that it has to approach the horizontal asymptote from below, though, because the vertical
asymptote at x = −4 has multiplicity 1. The function goes up on the right side of that asymptote,
so it needs to go down on the left side. So it must approach the horizontal asymptote below (i.e.,
the function must be negative).
Alternatively, we could figure this out simply by knowing whether the function is positive or negative
on that interval (i.e., when x < −4, is f (x) > 0 or is f (x) < 0?) Let’s make a table again:

Factor
Parity

when x < −4...
(x − 5) (x + 4)
−
−

(x + 1)
−

(−)
So then, when x is less than −4,, we have f (x) = (−)(−)
= (−). So the function is always negative,
which means it approaches the asymptote below. So both methods give us the same result (good!).
Thus, the final graph is this one:
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And that’s our function!!!

A Third Example With Weird Asymptotes, Etc.
• This stuff gets complicated, so let’s do a third example with some weird roots, some weird asymptotes,
and some weird end behavior. How about the function
f (x) =

3x(x + 1)2
(x − 2)2

What do we know about this?
– End behavior: We need to look at the ratio of the leading terms. The leading term of the
top is 3x3 , and the leading term of the bottom is x2 , so this function has an end asymptote
at y = (3x3 )/(x2 ) = 3x, which means it will have a slanted/linear end asymptote at the line
y = 3x.
– Roots: We know it will have roots/x-intercepts/etc. wherever the top polynomial equals zero.
So we have two roots: at x = 0 (of multiplicity 1), and at x = −2 (of multiplicity 2).
– Vertical Asymptotes: We know that vertical asymptotes will happen whenever the bottom
polynomial equals zero. That happens at x = 2. This vertical asymptote has a multiplicity of
2, which means that the function will either spike up on both sides of that asymptote (like a
volcano!), or drop down on both sides (into an abyss!).
– Holes: These will happen whenever the top and bottom polynomials have a root at the same
place (of the same multiplicity). But that doesn’t happen here, so there are no holes.
– y-intercept: We just plug in 0 for x. Which gives us y = 0 as the y-intercept. (This makes
sense, because we have an x-intercept at 0, so the function should pass through the origin.
So far, so good! Let’s sketch what we have so far. I’ll represent the intercepts with dots, and represent
the asymptotes with dotted lines:
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Let’s start drawing this on the right side. I have to either come up from or come down from the
vertical asymptote at x = 2, and then start hanging out with the linear asymptote. So my graph
could look like either of these:

Except it can’t be the one on the bottom, because then there’d be an x-intercept somewhere to the
right of x = 2, and we don’t have an x-intercept there! So it must be this:
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What about the left side? I can figure this out in many different ways. It has to come either down or
up from the vertical asymptote, go directly through the intercept at x = 0, bounce off the intercept
at x = −2, and then go down and hang out with the slant asymptote. I have two options:

It has to be the graph that starts on the top and goes down. Why? Because
– the vertical asymptote has a multiplicity of 2. Since it goes up on the right side, it must go up
on the left side, too (volcano-like).
– if it started at the bottom and went up, it’d have to keep going up—and then how would it ever
meet up with the end asymptote?
– if neither of the following two reasons convinced you, you could see where the function was
positive and negative, and come to the same conclusion.
Many ways of explaining the same behavior. The function has to look like this:
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Going backwards
• With polynomials, we saw that we can do this process in both directions—we can take an equation
and draw a picture of it, or we can take a picture and write an equation for it. We can do the same
with rational functions.
• So imagine we have a rational function that looks like this:

How can we find an equation for it? What do we know?
– Vertical asymptotes: This function appears to have vertical asymptotes at x = 1 and x = −2.
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They both split the function, so they must have multiplicity 1. So the factors in the denominator
could be (x − 1) and (x + 2).
– Roots and their multiplicities: This function appears to have only one root, at x = 0. It
goes through the x-axis, so the root must be of odd multiplicity. Thus, the numerator of the
function could be x, or x3 , etc.
– End behavior: This function appears to have some sort of a slant asymptote—maybe like
y = x, or at the very least, an asymptote that is some cubic polynomial (could be x3 , x5 , etc.,
because it goes up in the far right and down in the far left). This means that the degree of the
numerator will need to be greater than the degree of the denominator.
– y-intercept: It’s at zero, and it has to be, since we have an x-intercept there.
• Really, all we need to know to come up with a preliminary equation are the roots and the vertical
asymptotes (because that way we can make the numerator and the denominator). So now we can
come up with an equation.
• What about f (x) =

x
? Well, this won’t work, because this equation has a horizontal
(x − 1)(x + 2)

asymptote at y = 0.
• What about f (x) =
• Of course, f (x) =
x5

x3
? This could work. It gives a slant asymptote at y = x. Yay!
(x − 1)(x + 2)

(x3 )(x2 +1)
(x−1)(x+2)

f (x) = (x−1)(x+2) , or f (x) =
general shape.

could work, too (the slant asymptotes might be a bit steeper), as could
546x3
(x−1)(x+2) ,

etc., etc. All of these equations have graphs with this same

An Entirely Different Way of Drawing Rational Functions
• There’s another way of drawing rational functions that you might prefer. In certain ways, it’s actually
much simpler. The inspiration comes from this question, asked last year by Hannah Duncan:
Imagine we have the rational function
(x + 1)(x − 3)
f (x) =
. It looks like
x(x − 2)(x − 4)
this:

But what if we want to flip that
second-from-left segment (and only
that segment) so that it looks like this:

How do we do this? It’s not immediately obvious. Maybe we could fiddle around with the multiplicities of the vertical asymptotes or something, but that’d require some trial and error. Is there a
better way to do this?
• Yes!
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• Here’s the idea: what if we try drawing both the numerator and the denominator as separate polynomials, on the same graph, and then sort of intuitively divide and draw it?
• What I mean is this. Let’s first draw both polynomials on the same axis, like so. I’ve drawn
the numerator-polynomial with long dashes, and the denominator-polynomial with shorter dashes:

• We know we’ll have vertical asymptotes wherever the denominator (short-dashed polynomial) is zero,
and x-intercepts wherever the numerator (long-dashed) polynomial is zero. So we can mark those:

• But how do we draw the rest of the polynomial? Here’s the trick. Let’s consider the far-left segment
first.
– We know that between −1 and 0, both polynomials are negative. Then the full rational function
must be a negative over a negative, which is a positive, so the full rational function must be
positive there. This means that it must go up to the asymptote.
– and we know that to the left of −1, the numerator is positive, while the denominator is still
negative. A positive over a negative is a negative, so the function must be negative there.
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– And we know that the full rational function must have a horizontal asymptote at y = 0. So the
left-most segment must always be negative, but must eventually go back up and approach 0.
So then we can draw in the function on the left side:

• What about the next segment (i.e., the second segment from the left)? In that segment, the numerator
is always negative, and the denominator is always positive. So the function must always be positive,
like so:

• Then, in the third-from-left segment, we have an x-intercept.
– For the left part of this segment (between 2 and 3), both polynomials are negative, so the full
function must be positive.
– For the right part of this segment (between 3 and 4), the numerator is positive, and the denominator is negative. So the full function must be negative.
So it will look like this:
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• FINALLY, in the last segment (on the rightmost side), both polynomials are positive. So the function
must be positive there, too. And we know it has to approach y = 0, so I guess it’ll come down from
the asymptote. So our FULL FINAL FUNCTION looks like this (the function in solid bold, and its
constituent polynomials in dashes):

• But the whole motivation for doing this was to be able to flip portions of the functions. What’s cool
is that we can easily see that if we want to make that chunk of our rational function between 0 and
2 positive, we just need to make the denominator negative there! Then we’ll have a negative times
a negative, which will give us a positive. (We could make the numerator negative there, too, but
that’d change the end behavior.) So we just need to change the multiplicities on the x = 0 and x = 1
roots of the denominator to 2, like so:
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Which will give us the graph we want, with the middle-left section flipped:

• By the way: using this method you can see why asymptote multiplicity changes the graph in
the way that it does. At each vertical asymptote, the denominator-polynomial might or might not
change sign (might or might not go from being positive/above the x-axis to being negative/below
the x-axis, or vice-versa). The numerator-polynomial, however, will not change sign at a vertical
asymptote (because if it did, it’d have to be zero, but it can’t be zero, because then there’d be a
hole). So
– if the denominator-polynomial doesn’t change sign, the entire function won’t change sign. But
in order for the denominator-polynomial to not change sign, the root that causes the vertical
23

asymptote must be of even multiplicity. So if the root is of even multiplicity, the entire function
won’t change sign, and thus it’ll either stay positive on both sides of the asymptote (spike up),
or stay negative on both sides of the asymptote (spike down)
– if the denominator-polynomial does change sign (i.e., is of odd multiplicity), then the entire
function will change sign. But for it to change sign at a vertical asymptote, it must be negative
(go down) on one side, and be positive (go up) on the other side.

Problems
For the following rational functions:
1. Where are the vertical asymptotes?
2. What is the end behavior? Is there a horizontal asymptote? Where? A parabolic asymptote? Cubic
asymptote?
3. Where are the holes, if any?
4. How many real roots/solutions/zeroes/x-intercepts does it have? Where are they, and what are their
multiplicities?
5. What is the y-intercept?
6. What does the rational function look like? (i.e., sketch it. Without a calculator! You may need to
determine on what intervals the function is positive (i.e., above the x-axis) and on what intervals the
function is negative (i.e., below the x-axis).)
(You might have to factor or otherwise manipulate the expressions to get them into a convenient form.)
1. f (x) =
2. f (x) =
3. f (x) =
4. f (x) =
5. f (x) =

3
x+2
4
x + 12
1
x−3
x
x+1
3x
x−7

x2
x+4
5
7. f (x) =
(x + 2)2
6. f (x) =

8. f (x) =

5
(x − 1)2

9. f (x) =

7x
(x − 1)2

10. f (x) =

x+4
(x + 3)3

11. f (x) =

x2 − x − 2
x2 − 2x − 63

12. f (x) =

x2 − 3x − 2
x2 + x − 20

13. f (x) =

x2 + 9x + 18
x2 − 1

14. f (x) =

x2 + 4x + 3
x2 − x − 2

15. f (x) =

x2 − 12x + 35
x2 − 25

16. f (x) =

x2 − 4
x2 − 5x

x3 − 4x2 + x − 4
4x
3
x + 4x2 + 7x + 28
18. f (x) =
5x + 3

17. f (x) =

2x3 − 6x2 + x − 3
2x + 1
5
20. f (x) = 2
x −x−6
3
21. f (x) = 2
x + x − 20
2x
22. f (x) = 2
x + 4x + 3
19. f (x) =
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2x2 − 5x − 3
3x2 + 2x − 1
5(x2 − x − 2)
24. f (x) = 2
x − 2x − 63
(x + 1)(x − 2)(x + 7)
25. f (x) =
4(x − 4)(x + 7)(x + 2)
23. f (x) =

26. f (x) =
27. f (x) =
28. f (x) =
29. f (x) =
30. f (x) =

(x + 1)(x + 3)(x + 5)
x(x + 2)(x + 4)

39. f (x) =

(x − 2)4 (x + 1)4
(x − 1)2 (x − 3)2 (x + 2)2 (x − 5)2

40. f (x) =

(x + 2)(x − 2)
(x3 − 3x)

41. f (x) =

−4(x − 2)3
(x − 7)(x2 − 16)

42. f (x) =

−4(x − 2)3
(x − 7)(x2 − 16)

43. f (x) =

x3 + x2 − 4x − 4
x4 + 2x3 + 9x + 18

44. f (x) =

−3(x + 1)(x − 2)(x + 4)
(x + 2)

45. f (x) =

5(x2 + 1)(x + 5)(x + 7)
(x + 7)(x − 2)

46. f (x) =

x(x2 − 1)
(x2 − 4)

(x − 4)(x − 5)
(x − 4)2
x2 (x + 3)
(x + 5)2 (x + 7)2
−x3
(x − 4)3 (x + 1)2
x(x − 4)(x − 2)
(x − 1)(x − 3)(x − 5)

x2 − x − 2
31. f (x) = 2
x − 2x − 63
(x − 2)(x + 4)
32. f (x) = 2
x + 8x + 15
(x − 1)(x + 9)(x − 7)(x + 3)
33. f (x) =
(x + 4)(x − 2)(x + 6)(x − 5)

(x2 − 4)(x + 5)(x − 5)
x
4x + 2
48. f (x) =
1
1
49. f (x) =
(x + 1)(x + 54)(x − 12)

47. f (x) =

34. f (x) =

3(x − 2)(x + 1)(x − 4)(x + 2)
(x − 1)(x − 3)(x + 1)(x − 6)

35. f (x) =

−(x − 7)(x + 1)(x − 2)(x + 0)
(x − 1)(x − 9)(x + 2)(x − 5)

50. f (x) =

3
4

36. f (x) =

x5 − x3 + 5x2 − 5
(x − 2)(x + 3)(x + 5)

51. f (x) =

x3 (x + 4)(x − 5)
(x + 2)(x − 1)

37. f (x) =

−(x − 2)(x + 1)2
(x − 1)(x − 3)(x + 2)(x − 5)

52. f (x) =

38. f (x) =

(x2 − 1)(x2 − 9)
x(x + 2)2 (x − 2)2

(x + 2)2 (x − 4)
x2
1
53. f (x) = 2
x +1

For the following graphs of rational functions:
1. Where are the vertical asymptotes? What are their multiplicities? (What does this tell you about
the denominator?)
2. What is the end behavior/end asymptote? (What does this tell you about the relative degrees of the
numerator and denominator?)
3. Where are the x-intercepts/roots/solutions/zeroes, if there are any? Their multiplicities? (What
does this tell you about the numerator?)
4. Where is the y-intercept, if it exists? (You might not know it as a number, but is it positive or
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negative?)
5. Finally (and most importantly): write an equation for the graph.
(Note that the x-axes and y-axes of these graphs have different scales. Also note that the number of the
problem is at the bottom-left corner of the graph (not the top).)

54.

57.

55.

58.

56.

59.
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60.

64.

61.

65.

62.

66.

63.

67.
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68.

72.

69.

73.

70.

74.

71.

75.
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76.

80.

77.

81.

78.

82.

79.

83.
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84.

88.

85.

89.

86.

90.

87.

91.
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92.

94.

93.

95.
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.

HUNTER HAHN’S
EMERGENCY REFERENCE:
Vertical asymptotes: at x = the zeroes of the bottom
odd multiplicity: fxn goes up on one side & down on other
even multiplicity: fxn either goes up or down on both sides
leading term on top
End asymptote: at y = thetheleading
term on bottom
x-intercepts: at x = the zeroes of the top (w/ normal multiplicities)
y-intercept: at y = the function, but with zero plugged in for x
Holes: at x = any number that’s both a zero of the top and the bottom
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