
Calculus With Logarithms and Exponentials
Calculus 11, Veritas Prep.

We know how to work with exponential functions. We know how to work with logarithms. But there are
still two things we don’t know:

1. What is the derivative of an exponential function?(
Answer:

d

dx
(ax) = ln(a) · ax

)
2. What is the derivative of a logarithm?(

Answer:
d

dx
loga x =

1
x ln(a)

)
In the rest of these notes, we’ll derive these two identites (and more). It might seem like a lot of details,
and a lot of proofs, but don’t get bogged down in the formalism. All that is just details. Everything boils
down to these two equations. All the stuff we already know about calculus, logarithms, and exponential
functions still applies. This just gives us new toys to play with.

That said, you want to know why these two things are true, right? Let’s go find out!

The Derivative of an Exponential Function
What if we have an exponential function like f(x) = ax, where a is some greater-than-zero constant?

What is its derivative?
We have no idea. This isn’t a polynomial like f(x) = xa. In that case, the variable is in the base and

the constant is in the exponent. For example, x2 and 2x are very different functions:

f(x) = x2 f(x) = 2x

We have long known what the derivative of something like x2 is. But in this case—in the case of an
exponential function like 2x—the base is a constant, and the exponent is a variable. We don’t know how
to find the derivative of that. And we don’t really know where to begin in our search for the derivative of
an exponential function, so let’s get back to basics.

We know that the definition of the derivative is

f ′(x) = lim
h→0

f(x+ h)− f(x)
h

(Ages ago we constructed this definition using Fermat’s difference quotient.) Let’s use this. If we use some
general exponential function f(x) = ax, then we have:
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d

dx
(ax) = lim

h→0

ax+h − ax

h

= lim
h→0

axah − ax

h
(properties of exponents)

= lim
h→0

ax(ah − 1)
h

(factor out ax)

= ax · lim
h→0

ah − 1
h

(as h → 0, ax doesn’t change, so we can
pull it out of the limit)

But where to go from here? We’re kind of stuck with this nasty limit thing.

But... notice that lim
h→0

ah − 1
h

is constant with respect to x. It’s just a fixed number (for some fixed

a). Hmm. For convenience, let’s call it L. Then we have:

= ax · lim
h→0

ah − 1
h

= ax · L

= L · ax

This is cool! This means that the derivative of any exponential function is just the function again
times some constant L! Now, we have no idea how to actually compute L—it’s a really scary-looking
limit—but just be patient for a moment. Do you like taking derivatives? I do. If we take a whole bunch...

d

dx
[ax] = L · ax

d2

dx2
[ax] = L2 · ax

d3

dx3
[ax] = L3 · ax

d4

dx4
[ax] = L4 · ax

d5

dx5
[ax] = L5 · ax

...
...

The L’s keep piling up! What a mess.

Anyway, back to what L is. We don’t really know how to compute it. lim
h→0

ah − 1
h

is a total mess. We

can’t simplify it. But we can estimate it with a silicon slave. Don’t worry too much about how we came
up with these numbers—you could, for example, graph (2x − 1)/x, look at the graph, and see what value
it gets close to as x gets close to 0—but, for example:

a lim
h→0

ah − 1
h

d

dx
(ax)

2 0.693 0.693 · 2x
2.5 0.916 0.916 · 2.5x
3 1.098 1.098 · 3x

3.5 1.252 1.252 · 3.5x
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And so forth. Anyway, here’s an observation: if we could make L = 1—i.e., if we could find some

number such that lim
h→0

(that number)h − 1
h

= 1—we could have a function who is its own derivative!!!1

THAT WOULD BE AWESOME. Question is, what is that number? Based on the examples, it must
be between 2.5 and 3. If we estimate it more precisely, we get:

that number ≈ 2.718281828459045...

Unfortunately, it’s not something nice like an integer. It’s an irrational, transcendental number that
goes on forever, like π. Which I guess in some ways makes it more beautiful.

Anyway—this is e! The base of all natural logarithms! “Euler’s Number”2, after Leonhard Euler
(1707–1783)! This is how we define e! It is the number such that d

dx(ex) = ex (don’t worry about the
self-referentiality there). Like with π, which is the ratio of the circumference of a circle to its diameter, e
is the number whose exponential function is its own slope. It arises eerily out of mathematical nature.

So, to recap. We know:

d

dx
(ax) = ax · lim

h→0

ah − 1
h

(for any a > 0)

d

dx
(ex) = ex (for e ≈ 2.718...)

Maybe we should also include the chain rule in these theorems—i.e., what if I want to raise a constant
not just to x but to some more complicated function of x? Then these two formulas follow directly from
the chain rule:

d

dx

[
ag(x)

]
= ag(x) · lim

h→0

ah − 1
h
· g′(x)

d

dx

[
eg(x)

]
= eg(x) · g′(x)

But we still have this nasty limit expression in our formula for the derivative of a general exponential
function ax. Is there a nicer way we can write the derivative of ax? Yes. Let’s do it.

The Derivative of an Exponential (Way #2)
Back when we started this unit, we showed that

d

dx
(ax) = ax · lim

h→0

ah − 1
h

But unless a ≈ 2.71828..., this is a useless mess, because we have no idea how to compute this limit (i.e.,
approximate the number that it represents, as a decimal). So, let’s see a new way to write this derivative,
which will be in terms of a natural log.

Theorem:
d

dx
(ax) = ln(a) · ax

Proof: Because of the laws of logarithms, we can write ax as eln(ax), because estuff and ln(stuff) are inverse
functions and will cancel each other out when composed. So then we can write ax as:

ax = eln(ax)

1Notice how I’ve anthropomorphized derivatives here.
2e roughly equals 2.7 1828 1828 45 90 45, which is easy to remember, because then it’s just the year 1828, twice, and a

45-90-45 triangle. Of course, memorizing numbers like this is what gives math a bad name—math isn’t about numbers and
certainly not about memorizing long strings of them, etc. etc., but this is kind of cool, and makes for a nice party trick.
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And we can use laws of logarithms to simplify this even further. We can pull the exponent x out and have:

ax = ex ln(a)

If we differentiate this equation, we get:

d

dx
[ax] =

d

dx

[
ex ln(a)

]
But we already know how to take the derivative of ex ln a. It looks like eg(x), and we’ve figured out how to
differentiate that. Because of the chain rule, we must have:

= ex ln(a) · d
dx

[x ln(a)]

What’s the derivative of x ln(a)? Well, ln(a) is just a constant—it’s a number, like 5 or π or three-sevenths.
So the derivative of x ln(a) must just be ln(a) (in the same way that the derivative of 5x is 5).

= ex ln(a) · ln(a)

and we already know that another way to write ex ln a is ax:

= ax · ln(a)
= ln(a) · ax

For example...

• d

dx
(7x) = ln(7) · 7x

• d

dx

(
e5x
)

= e5x · d
dx

(5x) = 5e5x

• d

dx

(
5x

3
)

= ln(5) · 5x3 · 3x2 (by the chain rule)

• d

dx

(
(3π)2x+1

)
= ln(3π) · (3π)2x+1 · 2 (chain rule again)

Note
What if we have d

dx(ex)? This must just be ln(e) · ex, but since ln(e) = loge(e1) = 1, we must have:

d

dx
(ex) = ln(e) · ex = 1 · ex = ex

Which we already knew. So thankfully, this is consistent.

Corollary
Notice how we needed to use the chain rule in that last example. Might it not be nice to come up

with a version of this theorem that has a built-in chain rule? To wit:

d

dx
(ag(x)) = ln(a) · ag(x) · g′(x)

(where g(x) is any function of x)
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Proof: Do it yourself! It’s basically the same as the proof we just did, but with g(x) instead of x. Or—even
more easily—it’s just the last theorem, but with an application of the chain rule.

Another note

From before, we know
d

dx
(ax) = lim

h→0

ah − 1
h
· ax

And now, we know
d

dx
(ax) = ln(a) · ax

Then... these are just two different ways of writing the same derivative, so they must be equal. But then

lim
h→0

ah − 1
h

and ln(a) must be equal! Or:

lim
h→0

ah − 1
h

= ln(a)

Which is totally crazy and counterintuitive and doesn’t at all make visceral sense. Just by thinking about
how limits work, or by thinking about how logarithms work, you would not at all expect these two things
to be equal. But they are. We’ve proved it. This is, in a sense, one of the real powers of math—we are
not constrained simply to what we feel is true, or think should be true. We can use logic to discover new
truths, or even truths that contradict our innate, not-neccesarily-rational beliefs.

Of course, I am talking about mathematical truths. In a sense, it is much easier to discover truth in
mathematics than truth in reality (whatever that is). In math, we start with explicit axioms and rules
of logical inference; mathematical truths are only true relative to these axioms. They are not true in any
universal, structure–of–the–cosmos sort of way3.

Anyway, back to logs. I have no idea when you would need to calculate lim
h→0

ah − 1
h

, but if you did,

you could use this formula:

For example...

• lim
h→0

2h − 1
h

= ln(2) ≈ 0.693 . . .

• lim
t→0

πt − 1
t

= ln(π) ≈ 1.1447 . . .

• lim
h→0

f(x)h − 1
h

= ln(f(x))

The Derivative of a Logarithm
This is tricky. We have no rule that will help us take the derivative of a log. What if we go back to

basics and use the definition of a derivative? This, after all, is whence all of our other derivative laws came
(e.g., d

dxx
n = nxn−1), and it’s how we came up with the derivative of ax.

So let’s try that. Given a function f(x), the derivative is lim
h→0

f(x+ h)− f(x)
h

. So if f(x) = logk(x)...

d

dx
(logk(x)) = lim

h→0

logk(x+ h)− logk(x)
h

3Or are they? Would aliens on Alpha Centurai come up with an equivalent set of mathematical axioms, and thus an
equivalent mathematics? We can use different axioms and create different mathematical structures—does math reflect reality?
is it part of it? or is it just an awesome game?

5



Maybe we could rewrite this using laws of logs:

d

dx
(logk(x)) = lim

h→0

[
1
h

logk

(
x+ h

x

)]
And maybe split the fraction up:

d

dx
(logk(x)) = lim

h→0

[
1
h

logk

(
1 +

h

x

)]
But where do we go from here? We can’t do much more to simplify this. Uh. Darn. We’ll need to use
another method.

The Derivative of a Logarithm (Second Attempt)
What else do we know about logarithms? We know they’re cool. We also know that, by definition,

they cancel out with exponentials upon composition:

logk(k
x) = x and klogk(x) = x

What if we try to take the derivative of that equation on the right? It has a log in it, but more importantly,
it has an exponential—and we already know how to take the derivative of those.

d

dx

[
klogk(x)

]
=

d

dx
(x) (taking derivative of both sides)

d

dx

[
klogk(x)

]
= 1 (d/dx(x) = 1)

klogk(x) · ln(k) · d
dx

[logk(x)] = 1 (derivative of exponential—derivative of
exponent comes out by chain rule)

d

dx
[logk(x)] =

1
klogk(x) · ln(k)

(dividing by klogk(x) · ln(k))

d

dx
[logk(x)] =

1
x · ln(k)

(and we already know that klogk(x) = x)

Yay! Now we know how to take the derivative of a logarithm!!!

For example...

• d

dx
(log7(x)) =

1
x ln(7)

• d

dx
(ln(x)) =

d

dx
(loge(x)) =

1
x ln(e)

=
1
x

• d

dx
[log9(x5)] =

1
x5 ln(9)

· 5x4 =
5

x ln(9)

Corollary
Notice how we needed to use the chain rule in that last example. Perhaps we could come up with a

formula for the derivative of a logarithm that has a built-in chain rule?
Imagine we have a logarithm base a and some function g(x). Then:

d

dx
[loga( g(x) )] =

1
g(x) ln(a)

· g′(x)
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Proof: You can do it yourself! It’s basically the same as the proof we just did, but with g(x) instead
of x.

The Derivative of an Inverse Function
Note that in order to take the derivative of a log, we used the property that logs and their inverses

(exponentials) cancel out when we put them inside of each other. This is, of course, true about any pair
of inverse functions—it’s the very definition of an inverse function. So the cool thing is, then, that we can
use the same method to figure out the derivative of a logarithm to figure out the derivative of any inverse
function (at least in terms of some other stuff).

Theorem: f inv′(x)︸ ︷︷ ︸
derivative of the inverse

=
1

f ′( f inv(x) )

For example...
f(x) = x3 and f inv(x) = 3

√
x are inverses. And we know f ′(x) = 3x2. So by this theorem,

f inv′(x) =
1

f ′( 3
√
x)

=
1

3( 3
√
x)2

=
1

3(x1/3)2
=

1
x2/3

=
1
3
x−2/3

Of course, we already knew this—we know how to differentiate 3
√
x the normal way. (Just write it like

x1/3 and use the power rule.) This is just another way to do it.

Proof: By the definition of an inverse function, we must have

f( f inv(x) ) = x

So if we differentiate both sides:
d

dx

[
f( f inv(x) )

]
=

d

dx
(x)

Which is just:
d

dx

[
f( f inv(x) )

]
= 1

But on the left, we have the derivative of a function inside another function... which requires, like, THE
CHAIN RULE! So if we use the chain rule we’ll get:

f ′
(
f inv(x)

)
· f inv′(x) = 1

But we can just use algebra to rearrange this:

f inv′(x) =
1

f ′( f inv(x) )

Whee!

Another example
f(x) = sin(x) and f inv(x) = sininv(x) are inverses. And d

dx(sinx) = cos(x). So then the derivative of
sininv(x) is... (

sininv(x)
)′

=
1

cos(sininv(x))

The Derivative of xx

We know how to take the derivative of a variable raised to a constant:
d

dx
(xa) = axa−1
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We know how to take the derivative of a constant raised to a variable:
d

dx
(ax) = ln(a)ax

But how do we take the derivative of a variable raised to a variable???
d

dx
(xx) = ????

(By the way, what is the derivative of a constant raised to a constant?)

Theorem:
d

dx
(xx) = xx(1 + ln(x))

Proof: By properties of logarithms, we can write xx as eln(xx):

xx = eln(xx)

Which we can simplify by using another property of logs:

xx = ex ln(x) (∗)

We’ll use this equation again, so let’s label it as ∗. If we differentiate with respect to x:

d

dx
(xx) =

d

dx
(ex ln(x))

But we know how to take the derivative of estuff:

d

dx
(xx) = ex ln(x) · d

dx
(x ln(x))︸ ︷︷ ︸

by chain rule

Using the product rule, we get:

d

dx
(xx) = ex ln(x) ·

(
x
d

dx
(lnx) + lnx

d

dx
(x)
)

= ex ln(x) ·
(
x · 1

x
+ ln(x) · 1

)
= ex ln(x) · (1 + lnx)

Almost there! By the identity we proved back in ∗, we can write ex lnx as xx, so this becomes:

d

dx
(xx) = xx(1 + lnx)

For example...

• d

dt
(tt) = tt(1 + ln t)

• d

dx
((x2)x

2
) = (x2)x

2
(1 + ln(x2)) · 2x︸︷︷︸

chain rule

• d

dθ
((sin θ)sin θ)) = (sin θ)(sin θ)(1 + ln(sin θ)) · cos θ (chain rule again)
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BUT. This formula only tells us how to find the derivative of a variable raised to itself. What if we
want, say, to find the derivative of (3x+ 2)sinx? More generally, what if we want to find the derivative of
one function of x raised to another function of x?

Theorem:
d

dx

[
g(x)h(x)

]
= g(x)h(x) · d

dx
[h(x) ln(g(x))]

Proof: This is basically the same as the proof of d
dx(xx), but with arbitrary functions (i.e., with f(x)

instead of x). By laws of logarithms, we know:

g(x)h(x) = eln(g(x)h(x))

Also by log laws:
g(x)h(x) = eh(x) ln(g(x)) (∗∗)

differentiating...
d

dx

[
g(x)h(x)

]
=

d

dx

[
eh(x) ln(g(x))

]
which is:

d

dx

[
g(x)h(x)

]
= eh(x) ln(g(x)) · d

dx
[h(x) ln( g(x) )]

But we already know that eh(x) ln(g(x)) = g(x)h(x) (from ∗∗). So:

d

dx

(
g(x)h(x)

)
= g(x)h(x) · d

dx
(h(x) ln(g(x))

For example...

• d
dx

(
(x2)sinx

)
= (x2)sinx · ddx(sinx · ln(x2))

= (x2)sinx ·
(

cosx · ln(x2) + sin(x) · 1
x2
· 2x
)

(product rule)

= (x2)sinx ·
(

cosx · ln(x2) + sin(x) · 2
x

)
= (x2)sinx ·

(
2 cos(x) ln(x) +

2 sin(x)
x

)
• d

dx [(8x+ 4)x
3
] = (8x+ 4)x

3 · ddx(x3 ln(8x+ 4))

= (8x+ 4)x
3 ·
(

3x2 ln(8x+ 4) + x3 · 1
8x+ 4

· 8
)

(product rule)

= (8x+ 4)x
3 ·
(

3x2 ln(8x+ 4) +
8x3

8x+ 4

)
(simplification)

= (8x+ 4)x
3 ·
(

3x2 ln(8x+ 4) +
2x3

2x+ 1

)
(simplification)

An Awesome Proof of Why (xn)′ = nxn−1

We’ve already proven that the derivative of xn is nxn−1... sort of. Our proof, which was rather
excruciating and involved huge amounts of writing, only actually worked for n being some positive integer.
Some of you, for an extra credit problem, proved it for n being a negative integer. But this still leaves
out large numbers of numbers: what if n is a rational number? for example, what if we want to take the
derivative of x1/2? what if n is a real number? what if we want to take the derivative of xπ?
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As it turns out, the (xn)′ = nxn−1 law is true if n is any real number (and not just an integer or a
rational number). And, as it turns out, there’s a very simple and very clean proof. It doesn’t take any
of the pain that our proof that only worked for natural numbers did; in fact, it doesn’t even use Fermat’s
difference quotient. It simply relies of the derivatives of logs, exponentials, and the chain rule.

The basic idea is that if we have xn, then we can rewrite it as eln(xn), just using properties of logs—the
estuff and ln(stuff) will cancel out. But then using a different property of logs—the one about how you can
pull exponents down—you can rewrite it as en ln(x). (That works for any real number n.) And then we
know how to take its derivative!

d

dx
[xn] =

d

dx

[
eln(xn)

]
properties of logs

=
d

dx

[
en ln(x)

]
another property of logs

= en ln(x) · d
dx

[n ln(x)] chain rule

= en ln(x) · n · 1
x

But now we can rewrite en ln(x), since we know that’s just equal to eln(xn), or just xn:

= xn · n · 1
x

=
nxn

x
= nxn−1

One Last Question (or two)

What is the derivative of xx
x
? What about of g(x)h(x)j(x)? Remember how we can make “iterated

sums” with a giant Σ and “iterated products” with a giant Π? Can we make an “iterated exponentiation”

function, like Powern(x) = xx
x···

x︸ ︷︷ ︸
n times

? What is its derivative?

One thing to be careful with is that—unlike with addition/subtraction and multiplication/division—
exponentiation is not commutative: ab 6= ba, or, in calculator notation, a ∧ b 6= b ∧ a. (For example,
25 6= 52.) Likewise, it’s not associative: a ∧ (b ∧ c) 6= (a ∧ b) ∧ c. So if you have a teetering tower of things
being exponentiated, you need to be clear where your parentheses are—the function x(x2) isn’t the same
as the function (xx)2.

Actually, I Have Another Question
Throughout these notes, we’ve dealt exclusively with logarithms which bases4 are constants. The

natural log (ln) has base e; the log7 has base 7, logk (which I use in proofs a lot) has a base of constant k.
But logarithms only exist as inverses of exponential functions. Usually we talk about exponential

functions which bases are constants—ex, 7x, kx. Sometimes we raise them to things that are more com-
plicated than just x: esinx, 7x

2
, klogk(5). But there’s no reason why we couldn’t exponentiate them by

something more complicated than a constant. There’s no reason why the base has to be constant. What’s
4Note my use of “which” as a posessive relative pronoun. Certainly I couldn’t say “whose base,” since logarithms are

inanimate, and while I could sound mildly pretentious and say “the base of which,” I discovered (in the midst of a David
Foster Wallace essay)(he used it in this way) that “which” used to be used in this way. I’ve since seen it once or twice in early
20th century/late 19th century English books.
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wrong with the function (sin(x))x? What’s wrong with (x2 + 5x3)cosx? Absolutely nothing! We can take
functions and raise them to other functions.

So, ultimately my question is “what is the derivative of the log base f(x) of g(x)”?

d

dx

[
logf(x)(g(x))

]
= ???

But to answer this question, we need to first ask the question: “what is a log base f(x) of g(x)”?? Meaning:
we’ve never seriously dealt with logarithms which bases are arbitrary functions and not constants. We’ve
only seen them once in passing. On the logs quiz back in October (September?), I asked you:

loga3b4

(
b−12

( 4
√
a3)12

)
= ???

Many of you were able to fiddle with this and get:

loga3b4

(
b−12

( 4
√
a3)12

)
= loga3b4

((
a3b4

)−3
)

= −3

But we don’t have a general theory of how logs to a variable base behave. We don’t have a list of properties
of logs-base-f(x); we only have a list of properties of logs-base-k (where k is some constant). Before we
start doing calculus with logs-base-f(x), we really ought to know how to do algebra5 with logs-base-f(x).
(It might or might not be necessary as a prerequisite for calculus; if nothing else, it would probably be
interesting.)

I have no idea what such a theory would be; I haven’t thought about it very much. But I suppose
I would start by thinking about general properties of exponential functions with variable bases. If we
understand how things like f(x) = g(x)h(x) behave; maybe we can start thinking about how f inv(x) must
behave.

Problems

Differentiate the following functions, with respect to x, θ, t, etc., as appropriate. (As is my usual convention,
a, b, c, k, and n represent constants.)

1. y = ex

2. y = e100x

3. y = e2x/3

4. y = e−4x/5

5. y = ex+
√

2

6. y = ex−π

7. y = e3x2

8. y = e−x
2

9. y = e5t2−7t

10. y = e4t+t2

11. y = esinx

12. y = 2etan θ

13. y = 7e
1

cos 4θ

14. y = (ex
2

+ 1)2

15. y = (e2x − e−2x)2

16. y = e
√
x ln(
√
x)

17. y = e2 ln(x)

18. y = ex/ ln(x)

19. y = e2x2−x

20. y = ex
3 ln(x)

21. y = xex

22. y = −3tet

23. y = xex − ex

24. y = (1 + 2x)e−2x

25. y = (6x2 + 6x+ 3)e2x

26. y = (9x2 − 6x+ 2)e3x

27. y = 2te
√
t

28. y = t2e2/t

5I use this word loosely. Mathematicians, please don’t quibble.
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29. y = x2ex − xex2

30. y =
ex

e−x + 1

31. y =
e−x

ex + 1

32. y = (cos(θ)− 1)ecos θ

33. y = (sin(θ)− 1)esin θ

34. y =
et

2
(sin t+ cos t)

35. y =
e−t

2
(sin t− cos t)

36. y =
e−x

5
(2 sin(2x)− cos(2x)

37. y =
e2x

13
(2 sin(3x)− 3 cos(3x)

38. y =
ax− 1
a2

eax

39. y =
ax+ 1
a2

e−ax

40. y =
e2θ

e2θ + 1

41. y =
eθ

1− e2θ

42. y = ln(cos e2x)

43. y = ax

44. y = 2x

45. y = 8x

46. y = 3−x

47. y = 9−x

48. y = 5
√
x

49. y = 2s
2

50. y = 7
1

cos θ ln(7)

51. y = 3tan θ ln(3)

52. y = 2sin(3t)

53. y = 5− cos(2t)

54. y = ln(x)

55. y = ln(5x)

56. y = ln(x/5)

57. y = ln(t2)

58. y = ln(t3/2)

59. y = ln(3/x)

60. y = ln(10/x)

61. y = ln(x3 + 1)

62. y = ln(x2 + 3x+ π)

63. y = x2 ln(x)

64. y = ln( (x+ 1)x )

65. y = ln(
√

1 + x2)

66. y = ln( 4
√
x2 + 1)

67. y = ln(θ + 1)

68. y = ln(2θ + 2)

69. y = x4

4 ln(x)− x4

16

70. y = x3

3 ln(x)− x3

9

71. y = x2 lnx+ (lnx)3

72. y = (lnx)3

73. y = ln(lnx)

74. y = 1/(lnx)

75. y = t(ln t)2

76. y = t
√

ln(t)

77. y =
ln(t)
t

78. y =
1 + ln(t)

t

79. y =
lnx

a+ lnx

80. y =
x ln(x)

1 + ln(x)

81. y = ln(3te−t)

82. y = ln(2e−t sin t)

83. y = (2x+ 1)2 ln(2x+ 1)

84. y =
lnx

x2 ln(x2)
+
(

ln
1
x

)3

85. y = ln
(
x+
√
x2 + 1

)

86. y = ln
(
x+ 2
x3 − 1

)
87. y = ln

(
eθ

1 + eθ

)

88. y = ln

( √
θ

1 +
√
θ

)

89. y = ln
(

1
sin(θ)

+
cos θ
sin θ

)
90. y = sin(lnx)

91. y = cos(lnx)

92. y = log2(5θ)

93. y = log3(1 + θ ln(3))

94. y = log4(x) + log4(x2)

95. y = log25(ex)− log5(
√
x)

96. y = log2(r) · log4(r)

97. y = log3

((
x+1
x−1

)ln 3
)

98. y = log5

(√(
7x

3x+2

)ln 5
)

12



99. y = 10x
2

+ (x2)10

100. y = (sinx)2 + 2sinx

101. y = x2

102. y = xln(2)

103. y = t1−e

104. y = (cos θ)
√

2

105. y = (ln θ)π

106. y = (x2 + 1)lnx

107. y = (x+ 1)x

108. y = xx+1

109. y = (
√
t)t

110. y = t
√
t

111. y = (sinx)x

112. y = xsinx)

113. y = (lnx2)2x+3

114. Consider the graphs of f(x) = xke−x, where k is some positive constant. What do they look like (for
varying values of k)? As x→∞, f(x)→ ? Also: f(x) has a maximum between x = 0 and ∞. What
are its coordinates?

115. The equation x2 = 2x has three solutions6: one at x = 2, one at x = 4, and one elsewhere. Use a
calc***tor to estimate it as a decimal.

116. Find the nth derivative of a) y = eax (where a is some positive constant), and b) y = e−ax.

117. Show7 that the average slope of the natural logarithm from x = a to x = b is
1

b− a
ln
(
b

a

)
118. Show that f(x) = ln(2x) and g(x) = ln(3x) have the same derivative. Then calculate the derivative

of y = ln(kx), where k is any positive number. Explain your results in terms of the properties of
logarithms.

119. Find the nth derivative of a) y = lnx and b) y = ln(1− x).

120. Consider the function f(x) =
ax − 1
ax + 1

. Find its inverse f inv(x). Then find the derivative of its inverse.

6“Solutions” just means “values of x for which the equation is true;” in this case, values of x for which x2 is the same as
2x.

7i.e., prove
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