
Differentiation Laws
Calculus 11, Veritas Prep.

Derivatives informally and then formally; limits informally and then formally; now
back to derivatives.

We started calculus, two months ago, by discussing derivatives informally. We learned how we could
draw the slopes of functions from the graphs of the functions, and in doing so gained a good feeling for how
derivatives work. Then, once we were comfortable, we moved on to discussing derivatives more formally:
we said, “Well, drawing pictures is great and everything, but wouldn’t it better if we had equations for
derivatives?” So we came up with Fermat’s difference quotient, and used that to compute the equations
for derivatives.

We did that for a while, and we had some success, but then we realized that we had serious problems
in our understanding of Fermat’s difference quotient: weren’t we just dividing by zero? So we came up with
the concept of a limit to get around this problem. We played around with the idea of a limit for a while (as
x gets closer to something, what does f(x) get closer to?). But—still being vaguely uncertain about their
true nature, and not wanting to base calculus on anything but absolute, black-and-white, Manichaean,
anti-relativist Truth—we decided we needed to formalize our idea of a limit. So we came up with our ε-δ
definition of a limit, and had quite the mental adventure trying to understand that.

Having done all of that—having satisfied ourselves that limitry is not Sophistry—we can now return
to our original goal: that of understanding derivatives. How do these things that are the slopes of functions
work? What do we know about them?

For starters, we know Fermat’s difference quotient, on which we base our formal definition of a deriva-
tive. Everything else we know about derivatives comes out of this equation. Fermat’s difference
quotient is the burning oil rig from which the unrefined petroleum that is our knowledge of derivatives
gushes forth, billions of barrels per second, about to spontaneously ignite and cause awful smoke that will
lower global surface temperatures by a fraction of a degree for the next year, because as Plutarch reminds
us: “the mind is not a vessel to be filled; it is a fire to be lighted.” Anyway, Fermat’s difference quotient
is this:

the derivative of a function f(x) is lim
h→0

f(x+ h)− f(x)
h

We also spent a long time proving that the derivative of xn is nxn−1:

in Leibniz notation:
d

dx
[xn] = nxn−1 or, in Lagrange notation: (xn)′ = nxn−1

(Look in your notes if you don’t remember the theorem or the proof.) So, for example, if you want to find
the derivative of x12, you could use Fermat’s difference quotient:

d

dx
(x12) = lim

h→0

(x+ h)12 − x12

h

But then you’d have to spend all weekend multiplying out (x+ h)12, and that’s simply drudgery. It’s not
interesting. It doesn’t require actual thinking. It’s downright boring! Far better it would be to simply use
the shortcut we proved, and find in just a few moments that the derivative is just:

d

dx

[
x12
]

= 12x11

This isn’t cheating! It is a real shortcut! We proved it! It comes out of the definition of the derivative! It
is Fermat’s difference quotient, but just applied to a specific situation (that of xn) and cleaned up a bit.
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Analogously, you could walk from here to Boston in order to hang out with your friend in Cambridge, but
why spend months doing that when you could simply fly?1 You’d achieve your objective much quicker.

We know some other shortcuts, too. What if we want to take the derivative of, say, 5x2? We can’t use
our xn law (at least not directly), because this doesn’t look like xn—there’s that 5 in the way. However,
we also proved that we can pull constants out of a derivative:

in Leibniz notation:
d

dx
[a · f(x)] = a · df

dx
or, in Lagrange notation: (a · f(x))′ = a · f ′(x)

So we can use both of these laws together to take the derivative of 5x2. First we’ll use our constant rule:

d

dx

[
5x2
]

= 5 · d
dx

[
x2
]

and THEN—with the 5 out of the way—then we can use our xn rule:

= 5 · 2x
= 10x

What if we want to find the derivative of, say x12 + x5? Again, we don’t want to have to write it as

lim
h→0

((x+ h)12 + (x+ h)5)− (x12 + x5)
h

and simplify, because that would be truly awful. Thankfully, we

also proved that we can split derivatives up along addition, and thus, that if we want to find the derivative
of x12 + x5, it’s sufficient to find the derivatives of x12 and x5 individually, and then add them:

d

dx
(x12 + x5) =

d

dx
(x12) +

d

dx
(x5)

= 12x11 + 5x4

More generally, we have this rule:

in Leibniz notation:
d

dx
[f(x) + g(x)] =

df

dx
+
dg

dx
or, in Lagrange notation: ( f(x) + g(x) )′ = f ′(x) + g′(x)

Note that the fact that we can split it up along addition is hardly unique to this “take the derivative”
function2. Compare it with how other functions treat addition:

• We can split the “multiply by five” function along addition: 5(a+ b) = 5a+ 5b

• We can’t split square roots up along addition:
√
a+ b 6=

√
a+
√
b

• We can’t split squaring along addition: (a+ b)2 6= a2 + b2

Or rather, we can split it up, but in a weird way: (a+ b)2 = a2 + 2ab+ b2

• We can’t split logs up along addition: ln(a+ b) 6= ln(a) + ln(b)

• We can split trig functions up along addition, but weirdly: sin(a+ b) = sin(a) cos(b) + cos(a) sin(b)

• We can split exponentials up along addition, but in a bizarre way: ea+b = ea · eb

1For perfectly good reasons to do that, see, e.g., The Places in Between, The Roads to Sata, or any number of other books
about long-distance walking.

2Of course differentiation is a function! It’s just a function into which we usually give and get other functions, rather than
numbers.
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Want a cool math word? Ignore this if you don’t. Homomorphic (and homomorphism). Basically,
a homomorphism is a function that preserves algebraic structure... for example, square-rooting is homo-
morphic with respect to the operation of multiplication (because

√
a · b =

√
a ·
√
b), but not homomorphic

w.r.t. addition (because
√
a+ b 6=

√
a+
√
b).

Incidentally, because we know that a) derivatives split up along addition, and b) we can pull constants
out of derivatives, we know that c) derivatives must split up along subtraction, too. Subtraction, after all,
is just the same as adding a negative, and a negative is the same as a positive multiplied by −1. Here’s
the formal proof:

d

dx
[f(x)− g(x)] =

d

dx
[f(x) + (−1)g(x) ] (algebra)

=
d

dx
[f(x)] +

d

dx
[(−1)g(x)] (we can split derivatives up along addition)

=
d

dx
[f(x)] + (−1) · d

dx
[g(x)] (and we can pull constants out)

=
d

dx
[f(x)]− d

dx
[g(x)] (algebra)

Or, in Lagrange (prime) notation:

(f(x)− g(x) )′ = (f(x) + (−1)g(x) )′ (algebra)

= f ′(x) + ( (−1)g(x) )′ (we can split derivatives up along addition)

= f ′(x) + (−1)g′(x) (and we can pull constants out)

= f ′(x)− g′(x) (algebra)

What all of these properties combined mean is that we can take the derivative of any polynomial!!!
We just need to differentiate each term (leaving the constant in place):

d

dx
(7x10 + 3x9 − 2x13 + 5) =

d

dx
(7x10) +

d

dx
(3x9)− d

dx
(2x13) +

d

dx
(5)

= 7 · d
dx

(x10) + 3 · d
dx

(x9)− 2 · d
dx

(x13) +
d

dx
(5)

= 7 · 10x9 + 3 · 9x8 − 2 · 13x12 + 0

= 70x9 + 27x8 − 26x12

Here’s another example:

d

dx
(10x15 − 12x4 + 5x3 + 2x− 7) = 10 · 15x14 − 12 · 4x3 + 5 · 3x2 + 2x0 − 0

= 150x14 − 48x3 + 15x2 + 2

So that’s it for polynomials! We can take the derivative of any polynomial! Calculus: conquered!!!
Except not. There are lots of things that aren’t polynomials3. tan(x) isn’t a polynomial, though we might
be curious as to what it’s derivative is. ex isn’t a polynomial. Rational functions aren’t polynomials.
Logarithms aren’t. Trig functions aren’t. And so forth! What are their derivatives? Do we have to go
back to the definition of a derivative, or can we find other shortcuts?

Here are some more questions:

• We know how to take the derivative of two functions added together... what if we have two functions
multiplied together? like x2 sin(x)? what’s the derivative? is it 2x cos(x)? or x2 cos(x)? or 2x sin(x)?
or something else altogether???

3although, if you are familiar with Taylor series, the entire world is made only out of polynomials
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• What if I want to find the derivative of two functions divided, like
x2

sin(x)
Is it

2x
cos(x)

? (Hint: No.)

• What if I want to find the derivative of one function inside another function, like sin(x2)? What if I
want to find the derivative of one function raised to another function, like (sinx)x2

? Or even more
simply, what if I want to find the derivative of something like ex or 5x, or maybe 5sin x? And what
about logarithms? What’s the derivative of logk(x)?

• And what if I put all this stuff together??!? What if I need to find the derivative of:

5x7 − x2 sin(x) + ex − tan(x)
log7(x) + (x2 + 3x)34 − cos(x8)

If we don’t have any shortcuts, our life would be totally miserable, because we’d have to work out4:

lim
h→0

 5(x+h)7−(x+h)2 sin(x+h)+ex+h−tan(x+h)
log7(x+h)+((x+h)2+3(x+h))34−cos((x+h)8)

− 5x7−x2 sin(x)+ex−tan(x)
log7(x)+(x2+3x)34−cos(x8)

h


WE’RE GOING TO NEED MORE SHORTCUTS.

Let’s deal with these questions one at a time.

First of all: what’s the derivative of x2 sin(x)? We know that the derivative of x2 is 2x; we know
that the derivative of sin(x) is cos(x); is the derivative of x2 sin(x) just 2x cos(x)? More generally... is the
derivative of two things multiplied together just the derivative of each of the two things multiplied?

We know that we can split derivatives up along addition:

( f(x) + g(x) )′ = f ′(x) + g′(x)

Can we also split derivatives up along multiplication?

( f(x)g(x) )′ = f ′(x)g′(x) ???

We know that we can split derivatives up along addition because we proved it. But, without proving it,
that’s not an obvious result. Likewise, it’s not obvious that we can split derivatives up along multiplication.
Maybe we can; maybe we can’t.

Another way we can think about this is: how does this take-the-derivative function treat multiplica-
tion? Compare to how other functions treat multiplication:

• We can split square roots up along multiplication:
√
ab =

√
a ·
√
b

• We can split squaring along multiplication: (ab)2 = a2b2

• We can’t split the “multiply by five” function along multiplication: 5(ab) 6= 5a · 5b

• We can split logs up along multiplication, but in a weird way: ln(ab) = ln(a) + ln(b)

• We can’t split trig functions up along multiplication5: sin(ab) 6= sin(a) · cos(b)

• We can’t split exponentials up along multiplication: eab 6= ea · eb

4by “work out” I mean “simplify such that we get rid of all the h’s and the limit so that the whole thing looks pretty(-ier)”.
5There is, actually, some formula for sin(ab), but it’s really weird. The point is that, like with logs, multiplication inside a

trig function doesn’t transform into multiplication outside a trig function.
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As it turns out, we can’t split derivatives up along multiplication. At least not cleanly. The derivative
of two things multiplied together (and we’ll prove this in a moment) is:

in Leibniz notation:
d

dx
[f(x) · g(x)] =

df

dx
· g(x) + f(x) · dg

dx
or, in Lagrange notation: ( f(x)g(x) )′ = f ′(x)g(x) + f(x)g′(x)

So it’s the derivative of the first thing, times the second thing, and then plus the original first thing times
the derivative of the second thing6.

So, for instance, if we return to our example of x2 sin(x), its derivative is:

d

dx

[
x2 sin(x)

]
= (x2)′ · sin(x) + x2(sinx)′

= 2x sin(x) + x2 cos(x)

This rule, by the way, is known as the product rule. You can call it the “multiplicative rule,” too, if you
like, or “the one about the derivative of f(x) times g(x),” but this is the name most people give it.

Let’s prove it! The proof is relatively straightforward, but with one caveat. All we really need to do is
plug f(x)g(x) into Fermat’s difference quotient and work things out, except there’s one weird step, where
in order to break it up into two pieces—into f ′(x)g(x) PLUS f(x)g′(x)—we need to add zero. And by
“add zero” I mean “add a special form of zero such that the equation doesn’t actually change (because
how can it change when we’re adding nothing?) but which enables us to look at it in a new and useful
way.” In this case, our zero will be:

0 = f(x)g(x+ h)− f(x)g(x+ h)

You’ll see it come up in a moment. Now, let’s start the proof!

[f(x)g(x)]′ = lim
h→0

f(x+ h)g(x+ h)− f(x)g(x)
h

(definition of a deriva-
tive)

= lim
h→0

f(x+ h)g(x+ h)

= 0︷ ︸︸ ︷
−f(x)g(x+ h) + f(x)g(x+ h)−f(x)g(x)

h

 (adding zero!)

= lim
h→0

[
f(x+ h)g(x+ h)− f(x)g(x+ h)

h
+
f(x)g(x+ h)− f(x)g(x)

h

]
(splitting up fraction)

= lim
h→0

[
f(x+ h)g(x+ h)− f(x)g(x+ h)

h
+ f(x)

g(x+ h)− g(x)
h

]
(factor f(x) out of sec-
ond fraction)

= lim
h→0

[
f(x+ h)− f(x)

h
g(x+ h) + f(x)

g(x+ h)− g(x)
h

]
(factor g(x + h) out of
first fraction)

= lim
h→0

[
f(x+ h)− f(x)

h
g(x+ h)

]
+ lim

h→0

[
f(x)

g(x+ h)− g(x)
h

]
(can split limits up
along addition)

= lim
h→0

[
f(x+ h)− f(x)

h

]
·lim
h→0

[g(x+ h)] + lim
h→0

[f(x)]·lim
h→0

[
g(x+ h)− g(x)

h

]
(can split limits up
along multiplication)

6Were we to continue thinking about abstract mathematical structures, rather than the particular mathematical structure
that is calculus, we might ask: are there other functions that treat multiplication the same way derivatives do? are there other
functions f(x) such that f(ab) = f(a)·b + a·f(b)?
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= lim
h→0

[
f(x+ h)− f(x)

h

]
︸ ︷︷ ︸

=f ′(x)

· lim
h→0

[g(x+ h)]︸ ︷︷ ︸
=g(x)

+ lim
h→0

[f(x)]︸ ︷︷ ︸
=f(x)

· lim
h→0

[
g(x+ h)− g(x)

h

]
︸ ︷︷ ︸

=g′(x)

= f ′(x)·g(x) + f(x)·g′(x)

Good! Any questions? No? Then let’s move on to our next question: what if I want to find the
derivative of two things divided, like x2/ sin(x)? Like with multiplication, differentiation does weird things
to fractions, so the derivative isn’t just 2x/ cos(x); actually, it works out to be, like,

d

dx

[
x2

sin(x)

]
=

2x sin(x)− x2 cos(x)
(sinx)2

But, actually, wait—I don’t want to do this yet. Let’s save this theorem for a few pages from now. There
are two ways to prove it, and one of them (the way I prefer) requries knowing how to do something we
haven’t done yet. So let’s actually talk about a different question.

Question: what’s the derivative of one function inside another? What if, for instance, I want to find
the derivative of sin(x4), with x4 on the inside and sin(x) (or sin(stuff)) on the outside? Or the derivative
of (sinx)4, with sinx on the inside and x4 (or (stuff)4) on the outside? Or what about, say, (x3 + x9)22?
Or ex

2
(where estuff is on the outside and x2 is on the inside)?

d

dx
[sin(x4)] =???

d

dx
[(sinx)4] =???

d

dx
[(x3 + x9)22] =???

d

dx
[ex

2
] =???

Is the derivative of sin(x4) just cos(4x3)? No. As it turns out, its derivative is: cos(x4) · 4x3. Or, more
generally:

( f(g(x)) )′ = f ′( g(x) ) · g′(x)

So it’s just the derivative of the outside function, with the same insides, and then times the derivative of
the inside. This is known as the chain rule (etymology unknown to me).

So for example:

• d

dx

[
sin(x4)

]
= cos(x4) · (x4)′

= cos(x4) · 4x3

• d

dx

[
(sinx)4

]
= 4(sinx)3 · (sinx)′

= 4(sinx)3 · cos(x)

• d

dx

[
(x3 + x9)22

]
= 22(x3 + x9)21 · (x3 + x9)′

= 22(x3 + x9)21 · (3x2 + 9x8)
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• d

dx

[
ex

2
]

= ex
2 · (x2)′ (ex is its own derivative)

= ex
2 · 2x

Let’s prove it. To do this proof, we’ll use a slightly different version of Fermat’s difference quotient. Usually
we write the FDQ so that only h is in the denominator:

f ′(x) = lim
h→0

f(x+ h)− f(x)
h

but when we originally constructed it7 we just had ∆y in the top and ∆x in the bottom; the actual change
in x, going from a point x and ending at a point x+h, is (x+h)−x. So we could also define the derivative
like this:

f ′(x) = lim
h→0

f(x+ h)− f(x)
(x+ h)− x

Obviously, these two are exactly the same, because (x+h)−x = h. But my point is, it’s this latter version
that will be somewhat more helpful in proving the chain rule.

So. Let’s do this. If we want to take the derivative of f( g(x) ) I guess we could, for lack of any other
obvious starting point, consider what the FDQ is:

[f( (g(x) )]′ = lim
h→0

f( g(x+ h) )− f( g(x) )
h

Or, written differently:

[f( (g(x) )]′ = lim
h→0

f( g(x+ h) )− f( g(x) )
(x+ h)− x

Here’s the trick in this proof: we multiply by 1:

= lim
h→0

f( g(x+ h) )− f( g(x) )
(x+ h)− x

· g(x+ h)− g(x)
g(x+ h)− g(x)︸ ︷︷ ︸

=1

A common trick, as you’ve seen. If we multiply by 1, we don’t actually change anything—we just look at
it in a different way. Anyway, from here, the proof is straightforward (even there’s a lot of writing). All
we really need to do is fiddle with this equation so that we eventually get f ′(g(x)) · g′(x). For starters, we
can combine these two fractions:

= lim
h→0

( f( g(x+ h) )− f( g(x) ) ) · (g(x+ h)− g(x) )
( (x+ h)− x ) · ( g(x+ h)− g(x) )

and rearrange:

= lim
h→0

( f( g(x+ h) )− f( g(x) ) ) · (g(x+ h)− g(x) )
( g(x+ h)− g(x) ) · ( (x+ h)− x )

split up into two fractions again:

= lim
h→0

f( g(x+ h) )− f( g(x) )
g(x+ h)− g(x)

· g(x+ h)− g(x)
(x+ h)− x

and, since we know we can split limits up along multiplication:

= lim
h→0

f( g(x+ h) )− f( g(x) )
g(x+ h)− g(x)

· lim
h→0

g(x+ h)− g(x)
(x+ h)− x

7“To construct” here means “to derive”, especially when coming from geometry; what I mean in this sense is that we
“constructed” the equation by translating this geometric thing into algebra.
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BUT WAIT! Those two things look like derivatives!!!

= lim
h→0

f( g(x+ h) )− f( g(x) )
g(x+ h)− g(x)︸ ︷︷ ︸

=f ′(g(x))

· lim
h→0

g(x+ h)− g(x)
(x+ h)− x︸ ︷︷ ︸

=g′(x)

So we just have:
= f ′( g(x) ) · g′(x)

Yay! One additional comment, in case you didn’t like the last step. If you’re not convinced that

lim
h→0

f( g(x+ h) )− f( g(x) )
g(x+ h)− g(x)

actually is f ′(g(x)), consider this: we know that this is the derivative of f is:

f ′(x) = lim
h→0

f(x+ h)− f(x)
h

or, written differently:

f ′(x) = lim
h→0

f(x+ h)− f(x)
(x+ h)− x

but f ′ is itself a function of x, so instead of plugging in x,why not plug in a triangle:

f ′(∆) = lim
h→0

f(∆ + h)− f(∆)
(∆ + h)−∆

or Mr. Fink:
f ′(Mr. Fink) = lim

h→0

f(Mr. Fink + h)− f(Mr. Fink)
(Mr. Fink + h)−Mr. Fink

or another function of x, like
√
x:

f ′(
√
x) = lim

h→0

f(
√
x+ h)− f(

√
x)

(
√
x+ h)−

√
x

or ANY other function of x, like g(x):

f ′(g(x)) = lim
h→0

f( g(x+ h) )− f( g(x) )
g(x+ h)− g(x)

I hope that helps.

Question that’s still pending: what is the derivative of one function divided by another function? what
is the derivative of, say, x2/ sin(x)? Here’s the answer (the formula is called the quotient rule):

in Leibniz notation:
d

dx

[
f(x)
g(x)

]
=

df
dx · g(x)− f(x) · dg

dx

(g(x))2

or, in Lagrange notation:
(
f(x)
g(x)

)′
=
f ′(x)g(x)− f(x)g′(x)

(g(x))2

There are two different ways we could prove this. The way I prefer uses the chain rule. You see,
you don’t need to know the quotient rule at all, because division doesn’t exist—it’s just multiplication of
something that’s been raised to the −1. (In the same way that subtraction doesn’t exist—it’s just adding
a number that’s been multiplied by −1.) If you want to take the derivative of x2/ sin(x), for example:
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[
x2

sin(x)

]′
= (x2)(sinx)−1 (algebra/properties of

exponents)

=
d

dx
(x2) · (sinx)−1 + x2 · d

dx
(sinx)−1 (product rule)

= 2x · (sinx)−1 + x2 · d
dx

(sinx)−1 (derivative of x2)

= 2x · (sinx)−1 + x2 · (−1)(sinx)−2 · d
dx

(sinx) (chain rule!)

= 2x · (sinx)−1 + x2 · (−1)(sinx)−2 · cos(x) (chain rule, continued)

= 2x(sinx)−1 − x2(sinx)−2 · cos(x) (algebra)

=
2x

sinx
− x2 cosx

(sinx)2
(algebra)

=
2x sin(x)− x2 cos(x)

(sinx)2
(combining fractions)

So we can prove the quotient rule in precisely this manner, except instead of using the specific functions
x2 and sinx, we’ll use the general functions f(x) and g(x):

[
f(x)
g(x)

]′
= (f(x))(g(x))−1 (algebra/properties of

exponents)

= f ′(x) · (g(x))−1 + f(x) · d
dx

(g(x))−1 (product rule)

= f ′(x) · (g(x))−1 + f(x) · (−1)(g(x))−2 · (g′(x) (chain rule!)

= f ′(x)(g(x))−1 − f(x)(g(x))−2 · g′(x) (algebra)

=
f ′(x)
g(x)

− f(x)g′(x)
(g(x))2

(algebra)

=
f ′(x)g(x)− f(x)g′(x)

(g(x))2
(combining fractions)

Excellent! Now, the other way of proving the chain rule is to go back to first principles—rather than
use shortcuts we already know (chain rule/product rule) to create another shortcut (quotient rule), we
simply build a new shortcut from scratch. That is to say, from Fermat’s difference quotient. If you’ve
already seen the FDQ-based proofs of the additive rule, the constant multiple rule, the xn rule8, the product
rule, the chain rule, etc., then the proof of the quotient rule is pretty straightforward. We take f(x)/g(x),
we plug it into the FDQ, we rearrange, we maybe do some algebra tricks (there’s an adding-zero step), and
eventually, after enough obnoxious manipulation, we end up with the familiar form of the quotient rule.
The proof (or this version of the proof) is a homework problem, but I’ll be nice and get you started:

[
f(x)
g(x)

]′
= lim

h→0

f(x+h)
g(x+h) −

f(x)
g(x)

h
(definition of a derivative)

8which, by the way, tends to get called the “power rule” by people other than me
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= lim
h→0

f(x+h)g(x)−f(x)g(x+h)
g(x+h)g(x)

h
(combining fractions)

= lim
h→0


f(x+h)g(x)

=0︷ ︸︸ ︷
−f(x)g(x) + f(x)g(x)−f(x)g(x+h)

g(x+h)g(x)

h

 (adding zero)

And keep going from here! You’ll need to break the fractions up and factor things and do some limit
things, and it’ll be a lot of writing, but eventually you should end up with the quotient rule.

I have one more comment to make. All of these rules we’ve been proving and using—they’re really
just shortcuts to Fermat’s difference equation. These rules are all specific cases of the more general case of
Fermat’s difference quotient. The FDQ gives us a formula for the derivative of any function; the product
rule (e.g.) gives us a formula for the derivative of a function that looks like two things multiplied together.
I’ve listed the rules we’ve discussed here on the next page; you can fill them in and use it as a reference.
But my point is that there is nothing special about this set of rules; there’s no reason why we couldn’t
have come up with more rules (or fewer). All of these rules are just riffs, variations, and mash-ups of the

one fundamental equation: lim
h→0

f(x+ h)− f(x)
h

. I’ve discussed the rules I’ve discussed merely because I

think that they’ll be the most helpful in your calculus adventures.
This is a way of leading into my story. Yenyen Gatela noticed that she had a lot of homework problems

that looked like some number over xn:

for example:
d

dx

[
5
x3

]
,
d

dx

[
52
x6

]
, etc.

So she wondered: rather than do each of these problems by hand, could she come up with a shortcut?
could she find some equation for the derivative of

a

xn
(where a and n are any constant)? She had a bunch

of specific cases (5/x3, 52/x6, etc.); could she come up with a more general case (a/xn)? Based on her
experience, she guessed that it was this:

d

dx

( a
xn

)
=
−an
xn+1

And she was able to prove this without too much trouble:

d

dx

[ a
xn

]
=

d

dx
[ax−n] (laws of exponents)

= a · d
dx

[x−n] (constant multiple rule)

= a · (−n) · x−n−1 (the xn rule)

= −anx−n−1 (algebra)

= −anx−(n+1) (more algebra)

=
−an
xn+1

(laws of exponents)

Awesome! You see, that is what all of you should be doing. You should all be noticing similarities between
problems and using them to come up with more general rules—rules which are themselves but servants to
the FDQ.
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Differentiation Quick Reference

• d

dx
[xn] =

• d

dx
[sin(x)] =

• d

dx
[cos(x)] =

• d

dx
[tan(x)] =

• d

dx
[ex] =

• d

dx
[ln(x)] =

• d

dx
[k · f(x)] =

• d

dx
[f(x) + g(x)] =

• d

dx
[f(x)− g(x)] =

• d

dx
[f(x) · g(x)] =

• d

dx

[
f(x)

g(x)

]
=

• d

dx
[f(g(x))] =

• d

dx

[
f(x)g(x)

]
=

• d

dx

[
logf(x)(g(x))

]
=

11



Problems

Find the derivative of the function, then find the second derivative (i.e., the derivative of the derivative):

1. f(x) = 1− x

2. f(x) = 2(1 + x)

3. f(x) = 11x5 − 6x3 + 8

4. f(x) = −x2 + 3

5. f(x) = x2 + x+ 8

6. f(x) = 3x7 − 7x3 + 21x2

7. f(x) =
4x3

3
− x

8. f(x) =
x3

3
+
x2

2
+
x

4

9. f(x) = 3x−2

10. f(x) =
3
x2

11. f(x) = −2x−1

12. f(x) =
−2
x

13. f(x) =
1
x

14. f(x) =
4
x2

15. f(x) = ax2 + bx+ c

a, b.c constant

16. f(x) =
x2 + 2
x3

17. f(x) = (x2 − 1)(x− 3)

18. f(x) = x− 1
x

19. f(x) =
x3

1− x

20. f(x) = 6x2 − 10x− 5x−1

21. f(x) = 4− 2x− x−3

22. f(x) =
1

3x2
− 5

2x

23. f(x) =
1

6x2
+

7
12x3

24. f(x) = 9x+ 1 +
1
x

25. f(x) =
12
x
− 4
x3

+
1
x4

26. f(x) = x1/2

27. f(x) =
√
x

28. f(x) = x1/3

29. f(x) = 3
√
x

30. f(x) = 5
√
x

31. f(x) =
10√
x

32. f(x) = x1/n, n constant

33. f(x) = n
√
x

34. f(x) =
(
x3 − 2x

)
(2x+ 5)

35. f(x) =
(
9x8 − 8x9

)(
x+

1
x

)
36. f(x) =

(
1 +

1
x

)(
1 +

1
x2

)
37. f(x) =

(
x2
)

(x− 1)

38. f(x) = x2 sin(x)

39. f(x) = 5x9 cos(x)

40. f(x) =
x2 − 1
2x+ 3

41. f(x) =
7x4 + 11
x+ 1

42. f(x) =
x3 + 3x
x2 − 1

43. f(x) =
6− 1/x
x− 2

44. f(x) =
1 + x4

x2

45. f(x) =
ax− b
cx− d

a, b, c, d constants

46. f(x) =
ax2 + bx+ c

cx2 + bx+ a
a, b, c, d constants

47. f(x) =
x3 + 7
x

48. f(x) =
x2 + 5x− 1

x2

49. f(x) =
(x− 1)(x2 + x+ 1)

x3

50. f(x) =
(x2 + x)(x2 − x+ 1)

x4

51. f(x) = xh(x)

52. f(x) = h(x)− 1
h(x)

53. f(x) = 3x2g(x)− 5x

54. f(x) = g(x) +
x

g(x)

55. f(x) = (h(x))2

56. f(x) = h(x2 + 1)

57. f(x) = h

(
x− 1
x+ 1

)
58. f(x) = (h(x))2 + 1

59. f(x) =
h(x)− 1
h(x) + 1

60. f(x) = sin(x)

61. f(x) = cos(x)

62. f(x) = tan(x)

(hint: how can you rewrite
tan(x)?)

63. f(x) = −10x+ 3 cos(x)

64. f(x) = 6x2 − sin(x)

65. f(x) = 4 +
2
x
− cos(x)

66. f(x) =
3
x

+ 5 sin(x)

67. f(x) =
x2

tan(x)
− 1
x2

68. f(x) = x sin(x) + cos(x)

69. f(x) =
4

cos(x)
+

1
sin(x)

70. f(x) = x2 sin(x) + 2x cos(x)
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Find the derivative of each of the following functions:

71. f(x) = (2x+ 1)400

72. f(x) = (4− 3x)9

73. f(x) = (x2 + 1)−3

74. f(x) = (x+ x3)−2

75. f(x) =
1

5x− 7

76. f(x) =
2

x2 + 6

77. f(x) = (1− x

7
)−7

78. f(x) =
(x

2
− 1
)−10

79. f(x) =
(
x2

8
+ x− 1

x

)4

80. f(x) =
(
x

5
+

1
5x

)5

81. f(x) = (sin(x))4 + (cos(x))−2

82. f(x) = x5 − 25 sin(x/5)

83. f(x) = 2 cos(x/2) + x2/4

84. f(x) = x tan(3x) + 7

85. f(x) =
2x

cos(2x)

86. f(x) =
1
21

(3x− 2)7 +
(

4− 1
2x2

)−1

87. f(x) = (5− 2x)−3 +
1
8

(
2
x

+ 1
)4

88. f(x) = x3(2x− 5)4

89. f(x) = (1− x)(3x2 − 5)5

90. f(x) = (4x+ 3)4(x+ 1)−3

91. f(x) = (1− x)(3x2 − 5)5

92. f(x) = (4x+ 3)4(x+ 1)−3

93. f(x) = (2x− 5)−1(x2 − 5x)6

94. f(x) =
(

sin(x)
1 + cos(x)

)2

95. f(x) =
(

1 + cos(x)
sin(x)

)−1

96. f(x) =
(

x

x− 1

)−3

97. f(x) =
(

x

x− 1

)2

− 4
x− 1

98. f(x) = sin3(x) tan(4x)

99. f(x) =
cos4(x)
tan(x)

100. f(x) =
(

x

x− 1

)−3

101. f(x) =
x3 + x2 + x+ 1
x3 − x2 + x− 1

102. f(x) =
x3 + x2 + x− 1
x3 − x2 + x+ 1

Find the indicated derivatives:

103.
d

dx

[
x
d

dx
(x− x2)

]

104.
d2

dx2

[
(x2 − 3x)

d

dx
(x+ x−1)

]
105.

d4

dx4

[
3x− x4

]
106.

d5

dx5

[
ax4 + bx3 + cx2 + dx+ e

]
a, b, c, d, e constant
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Find all the derivatives of the following functions (i.e., the first derivative, the second derivative, the third
derivative, etc., etc., etc., ad infinitum)

107. f(x) = x2 − x

108. f(x) =
x3

3
+
x2

2
− 5

109. f(x) =
x4

2
− 3

2
x2 − x

110. f(x) =
x5

120

111. f(x) = xn, n constant

Find a formula for the nth derivative:

112. f(x) =
1
x

113. f(x) =
1

1− x

114. f(x) =
x

1 + x

115. f(x) =
1

bx+ c
a, b, c constants

There are lots of functions that we can sketch pretty easily. But there are others that we can’t sketch so
easily. Luckily, the derivative gives us a new bit of information that can help us see functions! For the
following functions:

1. Where is the slope of the function 0?

2. Where is the function increasing (i.e., where is the slope positive)?

3. Where is the function decreasing (i.e., where is the slope negative)?

116. f(x) = x3

117. f(x) = x4

118. f(x) = x2 + 4

119. f(x) = x+
1
x

120. f(x) = x3 + 3x2 − 2

121. f(x) = 2x3 − 12x2 + 7

122. f(x) = 2x3 − 3x2 − 12x+ 1

123. f(x) = x2 − 1
x

124. f(x) = x+
4
x2

125. f(x) = (1 + x2)−2

126. f(x) = (1− x2)2

Find a function with the given derivative (and then check your answer by differentiating):

127. f ′(x) = 3x2 + 2x+ 1

128. f ′(x) = 4x3 − 2x+ 4

129. f ′(x) = 2x2 − 3x− 1
x2

130. f ′(x) = x4 + 2x3 +
1

2
√
x

131. f ′(x) = 2 cos(x)− 3 sin(x)

132. f ′(x) = 2x cos(x2)− 2 sin(2x)

133. f ′(x) = 3(x2 + 1)3(2x)

134. f ′(x) = 2x(x2 − 1)

135. f ′(x) = 2(x3 − 2)(3x2)

136.
dy

dx
= 3x2(x3 + 2)2
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137. Finish the Fermat’s difference quotient-based proof of the quotient rule, as started on page 9.

138. Consider the function f(x) = xn, where n is a positive integer. Find the kth derivative of f , if a)
k = n, b) k > n, and c) k < n.

139. What’s the second derivative of a product? That is, what is [f(x)g(x)]′′? What about the third
derivative? the fourth derivative? fifth? what about the kth derivative?

140. Find the values of x where the slope of f(x) = ax2 + bx+ c is zero.

141. Find the conditions/values of a, b, and c such that the function f(x) = ax3 + bx2 + cx+ d

(a) has a slope of zero at two distinct points

(b) has a slope of zero at one point

(c) never has a slope of zero

142. Find
d999

dx999
[cos(x)]

143. Find
d725

dx725
[sin(x)]

144. Find
d

dx
[sin(sin(sin(cos(x2 + 5x))))]

145. Find
d

dx
[f(g(h(x)))]

146. Consider the function f(x). Use the chain rule to show that a) if f(x) is even, then f ′(x) is odd,
and b) if f(x) is odd, then f ′(x) is even. (If you don’t remember the definitions of even and odd
functions, look them up on the internet or in a book.)
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